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Let G be a t-ply (t > 2) transitive permutation group of degree n different 
from the symmetric group S, . Let H be a normal subgroup (f 1) of G. It was 
proved by C. Jordan that H is (t - I)-ply transitive if either t # 3, or H 
is not a regular normal subgroup of G (cf. [l 1, Theorem 9.91). Moreover, it 
was proved by H. Wielandt and B. Huppert that H is (t - $)-ply transitive 
and (t - 1)-ply primitive if either t > 4, or t == 3 and H is not a regular 
normal subgroup of G (see [ll, Theorem 12.11). 
Well, when does H also become t-ply transitive? 
This problem has recently been treated by many people (cf. Wagner [lo], 
Ito [5], Sax1 [9], Bannai [2], and so on). It seems that the following conjecture 
has been established by many mathematicians: 
CONJECTURE 1. Let t > 4 and let G be a t-ply transitive permutation 
group of degree greater than t + 1, If H is a normal subgroup (f 1) of G, then 
H is also t-ply transitive. 
The purpose of this paper is, roughly speaking, to show that if H is with 
index 2 in G and if t 3 6, then Conjecture 1 is valid (Corollary 1). More 
generally, we will prove the following: 
THEOREM 1. Let G be a 6-ply transitive permutation group on II = ( 1,2,. . . , n> 
of degree >7. Let H be a normal subgroup (#I) of G, and let HI,2,3,4,5 denote 
the pointwise stabilizer of 5 points (1, 2, 3,4, 5). l’hen the number s of orbits of 
H 1,2,3,4,j on Q - {I, 2, 3, 4, 5) must be odd. 
COROLLARY 1. Let G be a 6-ply transitive permutation group of degree >7. 
If H is a (normal) subgroup of G with index 2, then H is also 6-ply transitive. 
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Moreover, in the case of quadruply transitive groups, we obtain the 
following: 
THEOREM 2. Let s be a $xed ezlen integer, and let n be the smallest integer 
greater than 5 for which there exists a 4-ply transitive permutation group G of 
degree n (on a set Q = (1, 2,..., n}) containing a normal subgroup ( # 1) which 
satis$es the following property (*): 
(*) The number of orbits of HI,,,, on Q - {I, 2, 3) is equal to s. Then 12 
divides n - 3, and (n - I)/2 and (n - 2) are both square. 
COROLLARY 2. Let n be the smallest integer greater than 5 for which there 
exists a 4-ply transitive permutation group of degree n containing a (normal) 
subgroup H with index 2 which is not 4-ply transitive. Then 24 divided n - 3, 
and (n - 1)/2 and n - 2 are both square. 
Compare these results with Sax1 [9, Theorem 3.31. The main ideal of the 
proof of Theorem 1 is as follows: take a counter example to Theorem 1 whose 
degree is minimum, then by considering the decomposition of the permutation 
character of H on the set of unordered triples of elements of a, we get 
a contradiction. 
It should be noted that in our proof of Theorem 1 we make use of some 
results of W. Ljunggren and T. Nagell about the integral solutions of certain 
diophantine equations of higher degree. 
1. CHARACTER THEORIES OF G AND H 
Let t be an even integer, and let t = 2r 3 4. Let G be a 2r-ply transitive 
permutation group on a set A’J = (1, 2,..., n} with n > 2r + 1. Let H be a 
normal subgroup of G, and let us assume furthermore that the number of the 
orbits of HI,, ,..., t--l on Sz - {I ,..., t - I> is s. Then, it is known or easily 
verified that the following assertions from (i) to (viii) hold. Our notation will 
be standard, and in most cases is same as that of [l]. (For a proof of (iii) and 
(iv), see [l] or [9].) 
(i) Let (n,, ns,..., n,)withn,+n,+.~.+n,=nandn,>n,>...>, 
nk > 0 be a Young diagram, and let x (nlln2p...*nk) be the associated irreducible 
character of the symmetric group S, . Then the ~(~l+z?...+k) are all of rational 
value. That is ~(~l+e,...,~*) (x) E Q for all x E S, , where Q is the rational 
number field. Let X be a permutation group of degree n. We denote the 
restriction of x(nl,~,...vnk) to X by x(nl.%v...,d Ix. Then X(~IPQY...,Q~) lx is 
also Q valued if it is irreducible as a character of X. 
481/42/I-4 
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(ii) The characters x(n-iyi) lG are all irreducible characters of G and are 
mutually distinct for i = O,..., Y. They are all of rational value, and if the 
degree of 
X(n-i3i’ ic isfi , thenf, = 1 andA = nCi-l . (n - 2i + 1)/i, for i 2 1, 
where ,Cj is the binomial coefficient, that is, ,Cj = n(n - 1) ... (n -j + l)/(i!). 
(iii) The characters ,$lz-i,i) jH are all irreducible and mutually distinct 
for i = 0, l,..., Y  - 1. They are of rational value and if the degree of 
x(~-Q) iH isf$ , thenf, = A. for i = 0 ,.,., r - 1. 
(iv) The character ~(+~,r) lx decomposes into s distinct irreducible 
charactersx, , xz ,..., and xS (which are G-conjugate). Moreover, xi (i = l,..., S) 
are not equal to any x(+~,~) lH (i = 0, l,..., r - 1). Clearly, if the degree of 
the character x1 isf, (=f,.+<-r = the degree of the character xi , i = 1, 2,..., s), 
fr = (l/4 3. 
(v) Let Q(r) be the set of unordered r-tuples of elements of Q. Then 
1 LP’ / = ,c 7’) and G acts on QcT) naturally as a transitive permutation group 
of rank r + 1. Let us denote the permutation character by r(r) Ic . Then, it is 
known that 
x(T) jc =x(11) /(; -L xtn-1.1) i ' G T  ... +x 
(Il--I,?? , 
G* 
Moreover, we can take the orbitals 0” ,dr ,..., 0;. in the following way: For 
an element x E Q(r), Ai = {y E UT) such that / x n y  / = Y  - i}. Then, the 
subdegree Z, associated with the orbital d, is equal to $r--( +Ci 
(i = 0, l,..., Y). Moreover, let q(G) denote the number q (which was defined 
by J. S. Frame) associated with the permutation group G on Q(T) (cf. [l 1, 
Theorem 30.11). That is, 
q(G) = (~Z’,)~-~(n”,ff, ... ii,)/(f& +). 
Then by a result of Frame, q(G) is a square integer, because the irreducible 
constituents appearing in r(r) lG are all of rational value (cf. [I 1, Theorem 
30.1 (c)l). 
(vi) H also acts naturally on the set Q (r). H is a transitive permutation 
group of rank Y  + s (cf. Cl]). Moreover, 
+'I IH = X(n' IH + X(n-l,l' / 1 . . . f Xbr+l,T-l) jH + x1 + x2 + . . . + xse 
H I 
Moreover, we may take the orbitals A, , A, ,..., A,+,-l in the following way: 
for an element x E W), Ai = a;.(x) for i = 0, l,..., Y  - 1. Then, for the 
subdegreesni,wehaveni=ffifori=0,1,...,r-l,andn,=n,+,=...= 
n T+s-l = (l/s& . Moreover, we can easily calculate that 
q(H) = WJr+s-2 . (~2 ..* n,+s-d/(hfi . ..fr+s-11 
= q(G) . tn-r+G)s-l- 
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Next, let us consider the intersection matrices of the permutation groups G 
and H on the set SZo). (F or t e un h f d amental properties of the intersection 
matrices for permutation groups, we refer to Higman [4].) 
Let 
with b E il”j(a) 
(where i, j, cy. = 0, l,..., r) be the intersection numbers for G on W). Let 
iiT0 = (/I$‘) with i, j = 0, l,..., Y 
be the intersection matrices for G on CW. Let 8:“’ (0 < i < Y) be the eigen- 
values of the matrix && associated with the character x@-Q) jc (0 < i < Y). 
Then it is known that the @) (0 < i < Y, 0 < CL ,( r) are all rational integers 
(cf. also Lemma 1 to be mentioned later in this paper.) 
Next let, 
&’ = j A,(a) n d,(b)1 with b GAG, 
where i, j, 01 = 0, l,..., Y + s - 1, be the intersection numbers for H on CP). 
Let 
Ma = (&‘) with i, j = 0, l,..., r + s - 1 
be the intersection matrices for H on W-j. Let Br’ (0 < i < Y + s - 1) be 
the eigenvalues of A& associated with the character x(n-i,i) IH (for 
i = 0, l,..., r - I), x1 ,..., xS (for i = Y ,..., y + s - 1, respectively). 
(vii) 8:‘) are all rational integers if 0 < 01 < r - 1. 
Proof. If 0 < (Y < r, then tiae) is equal to one of 0:“’ with 0 < 01 < r - 1, 
because the two orbital graphs constructed from the orbital n6, of G and 
constructed from the orbital d, of Hare equal, and so the eigenvalues of i@z 
and Mm coincide as set. 
(viii) t9r),..., IV:‘+‘-*) are all rational integers if 0 < i < Y - 1. 
Proof. This assertion is an immediate consequence of the following 
lemma of a general nature. 
LEMMA 1. Let X be a jinite transitive permutation group on a set 9. Let 
Y = X, be the stabilizer in X of a point a E Q. Let us assume that the rank is 
k + 1, and that Ai (0 < i < k) are the orbitals of X. Let 
p!F) = 1 &(a) n A (b)l PI CT 9 b E 44, 
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where i, j, 01 = 0, I ,..., k, be the intersection numbers, and let 
Mm = (& with i, j = 0, I,,.., k 
be the intersection matrices for X on Sz. Suppose that the centralizer ring of X on 
J-2 (&%I, Ml ,.**, J+fk>) is commutative, and that xcO) , xtl) ,..., X(,J are the 
irreducible characters of X appearing in the permutation character (all with 
multiplicity one). Let qy’ be the esgenvalues of A4, associated with the character 
xti) for 0 ,< i < k. Then we obtain that 
8(X(O) = Q(@, p )...) e,‘“‘>, 
where Q(xcr)) denotes the extensionJield obtained by adjoined to Q all the numbers 
X(~)(X) with x E X. (Here the Schur index of the character xti)‘s are all equal to 1 
by [6, Corollary 21.) Especially Q(x(~)) = Q if and only if the ei(ff) are rational 
integers for 0 < 01 < k. 
(I think that this lemma is essentially known already. But, we repeat the 
proof of it because of the completeness.) 
Proof ofLemma 1. Let us recall some notations and fundamental properties 
of the centralizer ring of a permutation group after Curtis and Fossum [3]. 
Let A = CX be the group ring of X over the complex number field C. Let e 
be the element in A defined by 
e==IYI C. 
OSXZ 
Then, E = eAe is a subalgebra of A (with identity e) and is called the 
centralizer ring (associated with the permutation group X on Q). We shall use 
the following notation (after [3]), for x E X: 
Y” = x-1 Yx, 
indx = 1 Y: Yn Y$[, 
X = u Di (I = (0, 1, 2 ,..., k}), 
iEI 
where D, = YxiY are all the (distinct) (Y, Y)-doubIe cosets in X. Here we 
take xi in such a way that a”i E d,(a). Let us set 
/3, = (ind xd)(exie) 
and 
pi = (ind xJ(exi’e), (pi is equal to &r with some i’ EL). 
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The set {pi} forms a bases for E = eAe. Now, we see that 
where the & are the intersection numbers defined before. Moreover, if we 
define the maps to) for i = O,..., k by 
t(i)(p.) = f$j) 
3 z 7 
then, the e(C) (i = 0, l,..., k) are the irreducible linear characters of E. Now, 
by a result of Curtis and Fossum [3], a primitive idempotent in A associated 
with the irreducible character x(8) is given as follows: 
Therefore, we obtain that xci) is realizable (hence of value) in the field 
Q(Oj”‘, h’p),..., 0:“)) (cf. Janusz [6, Corollary 21). Moreover, if we set 
4X(i)) = xcdl) - I x 1-l - 1 x&W1, XGX 
then by a result of Janusz [6], e . E(x(~)) is a primitive idempotent affording 
the character xu) of G. Moreover, 
by Curtis and Fussum [3, Theorem 2.41. Hence, comparing the both sides of 
the equation, we obtain that the 02) (j = 0, l,..., k) all lie in Q(xc<,). Thus, we 
complete the proof of Lemma 1. 
2. PROOF OF THEOREM 1 
Let t = 6 = 2r, s be an even integer and let n be the smallest integer >7 
for which there exists a counterexample to Theorem 1 of a pair of a group G 
and a normal subgroup H. 
The proof of Theorem 1 will be done through the following steps. 
(i) 12 divides 12 - 5. 3 divides n - 5 by a result of Ito [5]. While 4 
divides n - 5, because the number of orbits of odd length of Hl,2,3,4,5 on 
Sz - (1, 2, 3, 4, 5) must be at most one (cf. Wagner [lo]). 
(ii) Q(xi) # Q. Suppose not. Since Q(xr) = Q(xa) = ... = Q(xs), the 
irreducible characters of H appearing in v c2) IH are all realizable in the 
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rational field Q. Therefore, by a result of J. S. Frame (cf. [I 1, 
Theorem 30.1 (c)l), th e number p(H) must be a square. Thus, 
(n - 2)(n - 3)(n - 4)/6 = y2 with 12 divides n - 5, 
must have an integral solution in n and y. By setting n - 3 = 2x2 we have 
that 
4x4-3Y2= 1 
must have an integral solution. But the above equation has no integral 
solution with X > 1, by a result of W. Ljunggren [7], because the class 
number of the quadratic field Q((-3)lP) is 1. Thus, this is impossible. 
(iii) Let us set 
By recalling the proof of [ll, Theorem 30.11, we obtain that q(H) = 
lt-2 1 T 1 + j T 1. Moreover, since the Bjk)‘s are all of real valued (cf. (I, 
Theorem 1 and Lemma 11). Thus, 1 T / is a real number and Q(H) = 
n-2 * 1 T 12. Suppose that I T I E Q. Then p(H) must be a square, and so 
n-rt&C = (n - 2)(n - 3)(n - 4)/6 ( since r = 3 in our case) must be a 
square. By the same argument as in step (ii), we get a contradiction by con- 
sidering the diophantine equation (n - 2)(n - 3)(n - 4)/6 = y2 with 12 
divides n - 5. 
(iv) Q(xr) is not a quadratic number field over Q. 
Let Q(xr) be a quadratic number field over Q. Then ) T / $ Q by the assertion 
of step (iii). Moreover, I T I2 E Q. Hence we obtain that the quadratic number 
field 
80 T I) = Q(xd = Q(((~ - 2Xfi - 3)(n - 4)/6)““). 
(Notice that Q(xr) = Q(e$“, efr,..., 8~+8-1)) = Q(e$“), where i and k range 
over 0, I,..., r + s - I).) 
The following Lemma is essentially proved by Sax1 [9, Theorem 3.11 
(and Ito [5]). But we repeat the proof for completeness. 
hwklA 2. Let n, G, and H be as mentioned above. Let p be a prime dividing 
the order of HI,,, . . . .t--l . Then p divides n - t -+ 1. 
Proof of Lemma 2. Let r, ,..., r, be the orbits of HlB2 ..... t--l on 
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Q - (l,..., t - l}. Clearly / r, j = 1.. = /PSI. Let tET’, and let p be a 
prime number dividing [ H,,, ,..., t-l (. Let P be a Sylow p subgroup of 
H 1,2 ,,.., t-l . Then, we have only to prove that I(P) C r, u {I, 2 ,..., t - l} 
where I(P) = (a E Sz / a” = a for any x E P}. By a lemma of Witt, NG(P)‘(p) 
is t-ply transitive and NH(P)r(p) is a normal subgroup of Nc(P)‘(p) with index 
at most 2. Therefore, from the minimal nature of 12, G, and H, we obtain that 
either 1 I(P)\ < t + 1, or NH(P)l(p) is t-ply transitive. If  NH(P)I(p) is t-ply 
transitive, then I(P) is contained in r, U (1, 2,..., t - l}, because r, is an 
orbit of ~L,...J-~ . I f  / I(P)1 = t, then there is nothing to prove. Now let 
(I(P)1 = t + 1 (let us set I(P) = {1, 2,..., t, t’>), then NH(P)‘fp) contains 
AItP), the alternating group on I(P). H ence there exists an element x in N,(P) 
such that XI(~) = (1)(23) ... (tt’). Since the orbits of HI,,,.,.,,-, and 
ff~1.2....,t--1~ (i.e., the global stabilizer of the set { 1,. .., n> in H) on 
9 - (1, 2,..., t - l} are equal (cf. [l] or [lo]), we obtain that t’ E r, . Thus, 
we complete the proof of Lemma 2. 
Next, we prove the following general lemma (which is essentially known.) 
LEMMA 3. Let x be an irreducible character of a group X, and let us assume 
that Q(x) = Q((plp2 ... puY@) 0~ Q((~PA ... P,)‘~“), where pl , P, ,..., P, are 
distinct odd primes. Then X contains an element of order p,p, V.-P, _ 
Proof of Lemma 3. Suppose not. Then we may assume that for each 
element x in X there exists at least one pi (i = 1, 2,..., U) which does not 
divide the order of x. We may assume that i = 1 without loss of generality. 
Let p, ,..., p,, ,..., p, be the distinct primes dividing the order of 2;. Then 
we have 
x = x2 ‘** x, ‘.’ x, , 
where xi (i = 2, 3,..., V) are the pi-part of x. Let the order of xi be p;i. Then, 
since the (p$ ..*p$)-th power of x is the identity, x(x) must be contained in 
the cyclotomic field Q(llip?“‘~~r’ ). illoreover, it is well known (and easily 
verified by using the elementary properties of cyclotomic fields and Gaussian 
sum) that Q((p, “*p,)llz) and Q((2p, +**$J,)~/~) are not contained in 
Q(ll/$?““~‘). Therefore, X( x ) 1 ies in Q. Since this holds for each element x in 
X, we have Q(x) = (2. But, this contradicts the assumption. Thus, we 
complete the proof of Lemma 3. 
Completion of the Proof of Step (iv). Let x(n-3~3) be the character of the 
symmetric group S, defined by 
x(n-3,3) = (~(cY - l)(ol - 5)/6) + (a - l)fl + y  
where 01, /3, y  denote the number of the l-, 2-, 3-cycles respectively in the 
cycle structure of a permutation. Then, we have seen in Section 1 that 
X (n-3,3) (,y = x1 + x2 + ... + xs . 
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Moreover, notice that by suitably choosing the suffices we have xz = xiU, 
X4 = x3=,..., xs = x:--l > where 0 denotes the nonidentity element of 
Gal(Q(xl)/Q)(rZ2) and so the x1 + xlo, x3 + x3”,..., xs-I + x:L are the 
characters of H realizable in Q and irreducible over Q. (Notice that the Schur 
index of each xi is 1 over Q (cf. [3’, (11.4)) 
Let us set 
QW - 2)@ - 3)@ - 4YV2) = Q((p,p, *..PP), 
where p, ,..., p, are distinct (odd) primes. 
Let us say that a prime pi (defined above) belongs to Class (I) if pi divides 
n - 2, to Class (II) ifp, divieds 71 - 3, and to Class (III) ifp, divides n - 4. 
(a) If pi > 3, pj > 3 and i # j, then pi and pj belong to a same class. 
Suppose not. Then, by Lemma 3, H must have an element x of order 
p,pj . On the other hand, this contradicts Lemma 2. To be more precise, let 
us set x = x,x9 , where xi and xj are the pi and pi part of .X respectively. By 
Lemma 2, any element of order one of the prime pi > 3 (and not dividing 
n - 5), hence especially xi and xj , must be semiregular on the points which 
actually move. Since xi and xj are commutative, this is clearly a contradiction. 
(b)l There exists no prime q > 3 which divides 7t - 2 but which is 
different from any pi (; = 1, 2 ,..., u). 
Suppose not. Let x be an element of order q in H. Then x fixes just two 
points, and so there exists i such that xi(x) + x,“(x) is an odd integer because 
X(~--~,~) lH (x) = -1. Since xi(x) E Q(l’/*) and since Q((pi .*. P$/~) is not 
contained in Q(ll/“), x,(x) is a rational number. Since xi and xi0 are not 
realizable in Q, they are algebraic conjugate over Q, and so we obtain that 
X,(X) = X,“(X) EQ. But, since x,(x) + x,“(x) is an odd integer and since x,(x) 
must be an algebraic integer, this is a contradiction. 
(c) u < 2. Moreover, if u = 2, then p, = 3 or p, = 3. Suppose not. 
Then we have 
n - 2 = 3”Pb,‘P?,..., with b,>l andb,>l. 
Let x be an element of H of order pi. Then there exists i such that 
X,(X) + xiu(,z) is an odd integer. Now, x,(x) must be contained in Q(l’/“l). 
But, since Q((plp2 **.PJ~/~) is not contained in Q(ll/“l), we have xi(x) EQ. 
But, this is a contradiction as before, because (since xi and xi” are algebraically 
conjugate) xi(x) = X&X), and because x,(x) + x~“(x) is an odd integer. 
1 The author thanks I. Miyamoto for suggesting this kind of argument. 
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Thus, from (a), (b), and (c), we have one of the following three possibilities. 
(Here y  and z are some positive integers.) 
Case (1). n - 2 = 3”pb (a > 1, b > l), n - 3 = 2y2, n - 4 = X2. 
Case (2). n - 2 = 3”, n - 3 = 2y2. 
Case (3). n - 2 = 3”, n - 4 = x2. 
Next, we will show that the above three cases are all impossible. 
(d) Case (1) does not hold. 
Let us assume that Case (1) holds. Since 
we have 
3”P” - 2ya = 1, and 3apb - 22 = 2, 
3”pb = (2y + z)(2y - z). 
Set 
2y + x = 3a1pb1, 
2y - x = 3azpbz, with a, + a2 = a and b, + b, = b. 
Then 
4y = ,,1pb, + 3azpbz, 
2X = 3eph - 3azpbze 
Since y  and z are both prime to 3 and p, we have that one of a, and a2 , and 
one of b, and b, must be 0. Moreover, we can easily see that we have either 
a, = 0 and b, = 0, or a2 = 0 and b, = 0. Therefore, 
4y = 3” fpb. 
From 3”pb - 2y2 = 1, we have 
Therefore, 
(p” - 3.3a)2 - 8.32a + 8 = 0. 
2x2= 32a- 1 
must have an integral solution. If  we set 
2x2 = (3” + 1)(3a - l), 
we have either 3” + 1 = 3cra or 3~ + 1 = 2xs2 where X, and x2 are some 
integers. The first equation is solvable in integers only when a = 1, while 
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the second equation is not solvable in integers (take modulo 3). When a = 1, 
we can easily see that p must be 17 and that b = 1. That is, 1z - 2 = 51. 
Since it is easily seen that there exists no nontrivial 6-ply transitive group of 
degree 53, we have a contradiction. (The impossibility of the last case is also 
derived from a result of Sax1 [9, Chap. II, Sect. 31.) 
(e) Case (2) does not hold. 
Let Case (2) hold. Then 3” - 2y2 = 1 must have an integral solution. But, 
it is known by a result of T. Nagell (cf. [8]) that the above equation has an 
integral solution only when a = 1 or a = 5. The case a = 1 is clearly 
impossible. If  a = 5, then the impossibility of this case is already proved by 
Sax1 [9, Chap. II, Sect. 31. 
(f) Case (3) does not hold. 
Let Case (3) hold. Th en 3” -yy2 = 2. But it is already proved by 
W. Ljunggren (and more generally by T. Nagell) that the above equation has 
no integral solution with a > 1 (cf. Nagell [S]). 
Thus, we have completed the proof of step (iv). 
(v) The order of Gal(Q(xJQ) is not greater than 2. (This completes the 
proof of Theorem 1.) 
Assume that the order of Gal(Q(xJ/Q) is g > 3. Let p, be a prime dividing 
(n - 3)/2 (hence p > 3 as 12 divides n - 5), and let p, be a prime dividing 
1z - 4 (hence p, > 3). Let x1 be an element of H of order p, and let x2 be 
an element of H of order p, . Then, we immediately have (because of the 
Lemma mentioned in step (iv)): 
p-393) lH(X1) = -2, 
x(+3,3) I&,) = -2. 
Then, by the fundamental properties of Schur indices (note that the Schur 
index of each x1 is equal to 1 over Q) (cf. [3’, (11.4)]), we have, by suitably 
renumbering the suffices, that 
h-3.3) 
XIH =xF+xI'+...+xI" 
+$+x?i...+xq" 
. . . 
+ x$ + x;;, + .'. + x;, , 
where the I+$ = xp + xs2 + *.. + xy (1 < J’ < s/g) is a character of H 
realizable in Q and irreducible in Q, Since the xi (i = l,..., s) are all G-con- 
jugate (because His normal in G), we have the following assertion: 
6-TRANSITIVE PERMUTATION GROUPS 57 
Let p be a prime. Then we have either 
(a) xi(r) EQ for any elementy E Hof orderp(i = 1, 2,..., s), or 
(b) for each xi there exists an element hi of H of order p such that the 
xi(hJ all require the pth root of unity (over Q) in the sence of [3’, p. 401. 
But, the first possibility (a) holds neither for p, nor for p, , since otherwise, 
for at least one j the number #j(xi) is not divisible by g and since x~(x~) = 
J+(xJ = ... = xp(xJ (because $1, x4”,..., xyg are algebraic conjugate over Q), 
we have a contradiction. Thus the second possibility (b) must hold for both 
p, and p, . Then, H has an element of order pip, (cf. [3’, (6.13)]). But this 
contradicts the Lemma 2 (mentioned in step (iv)) (cf. the argument in 
step (a) in step (iv)). Thus, we complete the proof of(v). 
Thus, we have completed the proof of Theorem 1. 
The proof of Corollary 1 is immediate from Theorem 1. 
3. PROOF OF THEOREM 2 AND A REMARK 
Proof of Theorem 2. Let t = 4, s be an even integer, and let n be the 
smallest integer >5 for which there exists a counter example to Theorem 2 
of a pair of a group G and a normal subgroup H. 
By the same argument as in (i) in Section 2, 12 divides n - 3. Morever, if 
Q(xi) = Q, then we get (n - l)(n - 2)/2 is a square (i.e. (n - 1)/2 and n - 2 
are both square). Thus we get the conclusion of Theorem 2. 
Suppose that Q(xr) # Q. Since 
x(‘+~) 1 (x) (=(a(a - 3)/2) + ,3) = -1 
if x is an element of order p dividing (n - 1)/2 or (n - 2). Hence, we get an 
element X, (in H) of order p, such that x1(x1) 6 Q and p, divides (n - 1)/2 and 
an element xa (in H) of order pa such that x1(x2) $ Q. Hence, by the argument 
in step (v) in Section 2, we get that H contains an element of order p,p, . 
But this contradicts Lemma 2. Thus we proved Theorem 2. 
Proof of Corollary 2. We have only to show that if moreover / G : H 1 = 2 
in Theorem 2, then 24 divides n - 3. This is true, because of a lemma of 
Frobenius (cf. [2]) we see that an element in G1,s,s - Hl,2,3 cannot have a 
cycle whose length is not divisible by 8. Thus we proved Corollary 2. 
Remark. The two theorems mentioned above treat the case s being even. 
When s is odd, we have no satisfactory result at present (although there is a 
partial unpublished result due to N. Ito for the case s = 3). But we can prove 
the following result: 
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PROPOSITION 1. Let t = 2~ be 4 or 6, and let n be an arbitrary positive 
integer. Let n be the smallest integer greater than t + 1 for which there exists 
a t-ply transitive permutation group of degree n (on a set !S = { 1, 2,..., n}) 
which contains a normal subgroup (H (# 1) which satis$es the following condi- 
tion (*): 
(*) the number oforbits o~H~,~ ,..., t--l on fi - (1, 2 ,..., t - l} is s. 
Let x(+~J) be the irreducible character of the symmetric group associated with 
the Young diagram of type (n - Y, Y). 
Let 
x(-J) IH = Xl + x2 + *** + xs , 
where x1 ,..., x, are the (distinct) immediate (complex) character of H. Then 
x1 ,..., xS are all realizable in the rational$eld Q. 
Proof of Proposition 1. If t = 3 and s = even, the assertion is true 
because of Theorem 1. 
Suppose that t = 3 and s = odd. Then we may assume that 
I Gal(Q(xJQ)l >, 3. Then th e argument in step (v) in Section 2 shows that 
the assertion is true. (Notice that in step (v) in Section 2, we did not use the 
fact that s is even.) 
Suppose that t = 2 and s arbitrary 22. Then the argument in the proof of 
Theorem 2 shows that the assertion is true. (Notice that x(“-~‘~)(x) 
(=(+ - 3)/2) +/3) = -1 f i x is an element of H of order p dividing 
(n - 1)/2 and (n - 2). H ence if p, is a prime dividing (n - 1)/2 and p, is a 
prime dividing (n - 2), H contains an element of order p,p, . But this contra- 
dicts Lemma 2.) 
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